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Abstract
The DGP (Dvali, Gabadaze and Porrati) braneworld cosmology gives an alternative to
dark energy. In DGP cosmology the alleged cosmic acceleration is generated by the modifi-
cation of gravity theory. Nonlinear evolution of matter density contrast in DGP braneworld
cosmology is studied in the present work. The semi-analytic approach of spherical collapse
of matter overdensity is adopted in the present context to study the nonliner evolution.
Further, the number count of galaxy clusters along the redshift is studied for the DGP cos-
mology using Press-Schechter and Sheth-Tormen mass function formalisms. It is observed
that for same values of cosmological parameters, the DGP model enhances the number of
galaxy cluster compared to the standard ΛCDM scenario.
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1 Introduction
The observed phenomenon of cosmic acceleration [1, 2, 3] and its further confirmations from latest
cosmological observations [4, 5, 6, 7] have changed our understanding about the universe. Within
the regime of general relativity (GR), the alleged accelerated expansion of the universe can be
explained by introducing an exotic component in the energy budget, dubbed as dark energy.
Besides dark energy cosmology, the other way to look for a possible solution of the puzzle is to
modify the theory of gravity where the geometry itself be responsible of the cosmic acceleration.
Higher dimensional gravity theories [8, 9], scalar-tensor theories [10, 11, 12, 13], Gauss-Bonnet
gravity [14, 15, 16], f(R) gravity [17, 18, 19, 20] are amongs the popular modified gravity theories.
Some of the f(R) gravity models are highly successful to explain the cosmic inflation [21, 22].
On the other hand, some of the higher dimensional theories [23, 24, 25, 26, 27, 28, 29, 30], are
consistent in case of late time cosmology.
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2The present work is devoted to the study of the evolution of matter overdensity and clustering
of dark matter in the higher dimensional DPG (Dvali, Gabadaze and Porrati) braneworld cosmol-
ogy [8]. The prime endeavour is to probe the effect of higher dimensional gravity scenario on the
linear and nonlinear evolution of matter density contrast and formation of large scale structure in
the universe. The semi-analytic approach of spherical collapse of matter over density is adopted
for the present study. Further the number count of dark matter halos along redshift for the DGP
cosmology is also studied. The results are compared with that of standard cosmological constant
with cold dark matter (ΛCDM) model. It is indispensable for geometric dark energy model to
produce the appropriate dynamics of the growth of cosmological perturbations and the large scale
structure formation to be accepted as a viable cosmological model. In this regard the present
work is important to study the viability of DGP cosmology. A study of structure formation in
DGP cosmology was carried out by Koyama and Maartens [31]. Multamaki, Gaztanaga and
Manera studied the growth of large scale structure in braneworld cosmology [32]. Topology of
large scale structure in non-standard cosmology was investigated by Watts et al. [33]. Large scale
structure formation on a normal branch of DGP brane was studied by Song [34]. Numerical study
of cosmological perturbation in DGP cosmology was carried out by Cardoso et al [35]. Structure
formation in modified gravity scenario is studied by Brax and Valageas [36] and by Carrol et
al. [37]. Aspects of spherical collapse in modified gravity theories are explored by Schafer and
Koyama [38] and by Schmidt, Hu and Lima [39].
As already mentioned that in the present analysis, the nonlinear evolution of dark matter over-
density and its clustering is studied with the assumption of spherical collapse. Spherical collapse
is a semi-analytic approach [40, 41, 42] to study the dynamics of matter overdensity. Evolution
of spherical homogeneous overdensity is studied using the fully nonlinear equation derived from
Newtonian hydrodynamics. The overdence region is assumed to be spherically symmetric with a
uniform density of dark matter which is higher than the background density. It is considered as a
closed sub-universe expanding with Hubble flow. But the expansion slows down and after reaching
a maximum radius, it stars compression and eventually collapses due to gravitational attraction.
Virialization of gravitational potential and thermal energy is introduced in the context of spherical
collapse to explain the finite size of the collapsed object. The effective nature of dark energy can
have its signature on the collapse of dark matter overdensities and consequently on the formation
of large scale structure. The spherical collapse approach is numerically easier technique to apply in
various dark energy models compared to the fully numerical simulations. There are several studies
in this direction in the literature [43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59]
where spherical collapse of matter overdensity is investigated. Though the numerically sophisti-
cated approach to study the nonlinear evolution of cosmological perturbation and formation of
large scale structure in the universe is the N-body simulation [60, 61, 62, 63]. In case of geomet-
ric dark energy the spherical collapse approach is also efficiently utilized to study the evolution
dynamics of matter perturbation [38, 39]. Besides the evolution of matter density contrast, in
the present work the number count of the collapsed objects in the DGP braneworld scenario is
also emphasized. To obtain the number count of collapsed objects or the dark matter halos, two
different mass function formalism has been adopted. Due to gravitational attraction the baryonic
3matter follows the distribution dark matter. Hence the galaxy clusters are embedded in the dark
matter halos. Thus the observed distribution of galaxy clusters provides the information about
the distribution of dark matter halos in the universe. The cluster number count is an important
observable of future observations of cosmic large scale structure. Study of number count of dark
matter halos or galaxy clusters along redshift would be useful to test any model with upcoming
cosmological observations.
This paper is arranged as the following. In the next section (section 2), the DGP braneworld
cosmology in the FRW (Friedmann-Robertson-Walker) universe is discussed briefly. In section 3,
the linear and nonlinear evolution of matter overdensity and its gravitational collapse is discussed.
In section 4 the number count of dark matter halos or the galaxy clusters are studied for the DGP
cosmology and the results are compared with that of ΛCDM. Finally in section 5, it is concluded
with a summarization of the results.
2 DGP braneworld cosmology
The DGP braneworld model is based on the idea that our four dimensional universe lives on
a five dimensional manifold [8]. The gravitational interaction is modified due the presence of
the five dimensional manifold. The modification in the gravitational interaction generates cosmic
acceleration itself without introducing any exotic component in the energy budget of the universe.
In this framework, the first Friedmann equation is written as,
H2 +
k
a2
−
2M3(5)
M2(4)
(
H2 +
k
a2
) 1
2
=
8piG
3
(ρm + ρr) . (1)
As the gravitational constant is modified for 5D manifold, the Planck mass is also get modified.
Here M(5) and M(4) are the 5D and 4D Planck masses. Finally, the scaled Hubble parameter for
this model is obtained as,
h2(a) =
H2(a)
H20
=
[√
Ωr0a−4 + Ωm0a−3 + Ωrc +
√
Ωrc
]2
+ Ωk0a
−2, (2)
where rc = M
2
(4)/2M
3
(5) called the crossover scale, Ωrc =
1
4r2cH
2
0
. Here the density parameters are
defined as, Ωm0 =
ρm0
3H2
0
/8piG
, Ωr0 =
ρr0
3H2
0
/8piG
, Ωk0 = −k/H
2
0 . The normalized condition, h(z = 0) = 1
provides
Ωrc =
(1− Ωr0 − Ωm0 − Ωk0)
2
4(1− Ωk0)
. (3)
The dark energy density like contribution in the DGP braneworld model can be written as,
∆H2DE = 2Ωrc + 2
√
Ωrc
√
Ωrc + Ωm0a−3 + Ωr0a−4, (4)
where h2(a) = Ωm0a
−3 + Ωr0a
−4 + Ωk0a
−2 + ∆H2DE . At low redshift, neglecting the radiation
contribution, the effective equation of state parameter for the geometric dark energy model is
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Figure 1: The effective equation of state parameter weff (z) plot of the geometric dark energy in DGP
braneworld cosmology. The parameters are fixed as Ωk0 = 0.0 and Ωm0 = 0.3 (solid curve), 0.25 (dashed
curve), 0.35 (dotted curve).
given as,
weff(a) = −1 −
1
3
d ln∆H2DE
d ln a
, (5)
In figure 1, the plots of weff(z) for the DGP braneworld cosmology are shown. The effective
geometric dark energy equation of state evolves to lower values at recent time generating the
effective negative pressure required for the cosmic acceleration.
3 Evolution of matter density contrast
Matter density contrast is defined as δ = ∆ρm/ρm where ∆ρm is the deviation from homogeneous
matter density ρm. The overdense region initially grows in size with Hubble expansion. Due to
gravitational attraction, it gathers mass from the surrounding. After certain amount of mass
accumulation, it starts collapsing. It is the fundamental process to form the large scale structure
in the universe. The nonlinear evolution of the matter overdensities is important to understand
the dynamics of gravitational collapse. The semi-analytic approach, namely the spherical collapse
model [40, 41, 42] is the simplest one to probe the nonlinear evolution of matter over density. It
assumes that the overdense regions are spherically symmetric. The nonlinear differential equation,
that governs the time evolution of the matter density contrast is,
δ¨ + 2Hδ˙ − 4piGeffρmδ(1 + δ)−
4
3
δ˙2
(1 + δ)
= 0. (6)
The linear version of equation (6) is given as,
δ¨ + 2Hδ˙ − 4piGeffρmδ = 0. (7)
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Figure 2: Linear (gray curves) and nonlinear (black curves) evolution of δ(a). In the left panel, the
parameter values are Ωk0 = 0 and Ωm0 = 0.3 (black solid), 0.32 (black dashed). The linear δ(a) in curve
in left panel is degenerate for Ωm0 = 0.3; 0.32. In the right panel, the parameter values Ωm0 = 0.3 and
Ωk0 = −0.01 (black solid), 0.01 (black dashed). The linear δ(a) curve in right panel is degenerate for
Ωk0 = −0.01; 0.01.
The Geff is the effective gravitational constant for the braneworld model, given as, [64],
Geff (a)
G
=
4Ω2m(a)− 4(1 − Ωk(a))
2 + 2
√
1− Ωk(a)(3
3Ω2m(a)− 3(1 − Ωk(a))
2 + 2
√
1− Ωk(a)(3
−4ΩK(a) + 2Ωm(a)Ωk(a) + Ω
2
k(a))
−4ΩK(a) + 2Ωm(a)Ωk(a) + Ω
2
k(a))
,
or Geff = N(a)G, where G is the Newton’s gravitational constant. Using scale factor ‘a’ as the
argument of differentiation in equation (6) yield,
δ′′ +
(
h′
h
+
3
a
)
δ′ −
3Ωm0N(a)
2a5h2
δ(1 + δ)−
4
3
δ′2
(1 + δ)
= 0. (8)
Similarly the liner equation (eq. 7) is given as,
δ′′ +
(
h′
h
+
3
a
)
δ′ −
3Ωm0N(a)
2a5h2
δ = 0. (9)
Equation (8) and (9) are studied numerically with the background given by equation (2).
In figure 2 the linear and nonlinear evolution of δ are shown with varying values of parameters
(Ωm0,Ωk0). The initial conditions are fixed at ai = 0.001 and the initial values are fixed as
δi = 0.0054 and δ
′
i = 0.0001. The linear evolution of δ is found to be very less sensitive to the
change in parameter values, but the nonlinear evolution differs with variation in parameter values.
The δ(a) curves are found to be indifferent with the change of the initial value δ′i.
Another important quantity to study the spherical collapse of dark matter overdensity is
the critical density contrast (δc). It is defined as the value of the linear density contrast at
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Figure 3: Critical density at collapse δc as a function of redshift of collapse zc for the DGP braneworld
cosmology (solid curve), and the LCDM cosmology (dotted curve).
the redshift where the nonlinear density contrast diverges. Changing the initial condition δi in
equation (equation (8)) the redshift of nonlinear collapse can be changed. Thus the critical density
contrast δc is obtained as a function of redshift at the collapse (zc). The curves of δc(zc) for the
DGP braneworld cosmology is shown in figure 3. For a comparison, the δc for ΛCDM cosmology
is also shown. The critical density at collapse δc is important to study the distribution of galaxy
cluster number or the number dark matter halos along redshift. The δc curves remain unchanged
with small variation of the cosmological parameters. It is clearly due the less sensitivity of linear
δ to the change of parameter values.
4 Halo mass function and cluster number count
The gravitational collapse of the matter overdensity is the basic process of large scale structure
formation in the universe. The objects, formed by the collapse, are called the dark matter halos.
The baryonic matter follows the distribution of dark matter. The idea is that the galaxy clusters
are embedded in the dark matter halos. Thus the observed distribution of galaxy clusters is
the probe of dark matter halos in the universe. In this section, the number distribution of dark
matter halos or the cluster number count is studied for the DGP braneworld cosmology using the
spherical collapse model. In the semi-analytic approach, two different mathematical formulation
of halo mass is used to evaluate the number count of collapsed objects or the galaxy clusters along
the redshift. The first one is the Press-Schechter mass function [65] and the other one, which is a
generalization of the first one, is called the Sheth-Tormen mass function [66]. The mathematical
formulations of halo mass function are based on the assumption of a Gaussian distribution of
the matter density field. The comoving number density of collapsed object (galaxy clusters) at a
7certain redshift z having mass range M to M + dM can be expressed as,
dn(M, z)
dM
= −
ρm0
M
d lnσ(M, z)
dM
f(σ(M, z)), (10)
where f(σ) is called the mass function. The mass function formula, proposed by Press and
Schechter [65], is given as
fPS(σ) =
√
2
pi
δc(z)
σ(M, z)
exp
[
−
δ2c (z)
2σ2(M, z)
]
. (11)
The σ(M, z) is the corresponding rms density fluctuation in a sphere of radius r enclosing a mass
M. The σ(M, z) can be expressed in terms of the linerised growth factor g(z) = δ(z)/δ(0), and
the rms of density fluctuation at a fixed length r8 = 8h
−1
0 Mpc as,
σ(z,M) = σ(0,M8)
(
M
M8
)−γ/3
g(z), (12)
where M8 = 6 × 10
14Ωm0h
−1
0 M⊙, the mass within a sphere of radius r8 and the M⊙ is the solar
mass. The γ is given as
γ = (0.3Ωm0h0 + 0.2)
[
2.92 +
1
3
log
(
M
M8
)]
. (13)
Here h0 is the Hubble constant H0 scaled by 100km s
−1Mpc−1. The number of collapsed objects
or cluster number count having mass range Mi < M < Ms per redshift and square degree yield
as,
N (z) =
∫
1deg2
dΩ

 c
H(z)
[∫ z
0
c
H(x)
dx
]2∫ Ms
Mi
dn
dM
dM. (14)
A general nature of cluster count is successfully depicted by the Press-Schechter fromalism,
but it suffers from the prediction of higher abundance of galaxy cluster at low redshift and lower
abundance of clusters at high redshift compared to the result obtained in simulation of dark
matter halo formation [67]. To alleviate this issue, Sheth and Tormen [66] proposed a modified
version of the mass function formula, which is given as,
fST (σ) = A
√
2
pi
[
1 +
(
σ2(M, z)
aδ2c (z)
)p]
δc(z)
σ(M, z)
exp
[
−
aδ2c (z)
2σ2(M, z)
]
. (15)
Three new parameters (a, p, A) are introduced by the Sheth-Tormen mass function formula, given
in equation (15). For the values of the parameters (a, p, A) as (1, 0, 1
2
) the Sheth-Torman mass
funtion mimics the Press-Schechter mass function. In the present work, while studying the dis-
tribution of cluster number count using Sheth-Tormen mass function formula, the values of the
parameter (a, p, A) are fixed at (0.707, 0.3, 0.322) as obtained form the simulation of dark matter
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Figure 4: Cluster number count N (z) plots using Press-Schechter mass function for DGP braneworld
cosmology. In the left panel, the parameters are fixed at Ωm0 = 0.3, σ8 = 0.8 and Ωk0 = −0.01 (solid
curve), Ωk0 = 0.01 (dashed curve). In the middle panel, the parameters are fixed at Ωk0 = 0.0, σ8 = 0.8
and Ωm0 = 0.30 (solid curve), Ωm0 = 0.25 (dashed curve). In the right panel, the parameters are fixed
at Ωm0 = 0.3, Ωk0 = 0.0 and σ8 = 0.8 (solid curve), σ8 = 0.7 (dashed curve), σ8 = 0.9 (dotted curve).
halo formation [67]. In the present work, the cluster number count is studied for the both the
mass function formulas.
The number count of dark matter halos or galaxy cluster for the Press-Schechter mass function
are shown in figure 4. The variation of cluster count with changing values of parameters Ωm0,
Ωk0 and σ8 are studied in figure 4. In the left panel of figure 4, N (z) plots are shown varying
the value of Ωk0. The middle panel of figure 4 shows the N (z) plots varying the values of Ωm0.
The right panel of figure 4 shows the N (z) plots for different values of the parameter σ8. In the
present study, the value of Hubble constant H0 is fixed at 70 km s
−1Mpc−1. Similarly figure 5
presents the cluster number count count plots for the Sheth-Tormen mass function with similar
variation of the parameters. It is observed that the N (z) is less effected by the change of spatial
curvature. On the other hand, it varies significantly with changing Ωm0. A higher value of Ωm0
produces higher number of dark matter halos. The cluster number count is also highly effected by
the rms fluctuation of matter density. Number count increases with the increase in the value of
parameter σ8. The effect of changing parameter values is very similar in case of Press-Schechter
and Sheth-Tormen mass function.
For a comparison with ΛCDM cosmology, the cluster number count N (z) plots for DGP
braneworld model and ΛCDM model with same values of parameters are shown figure 6. Pa-
rameters are fixed as Ωm0 = 0.3, Ωk0 = 0.0 and σ8 = 0.8. The number count is found to be
substantially enhanced in case of DGP. As already mentioned, the lower value of σ8 effectively
decreases the number count, the value of σ8 can be tuned for DGP model to produce number
count of galaxy clusters similar to that of ΛCDM keeping other parameters same for both the
models.
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Figure 5: Cluster number count N (z) plots using Sheth-Tormen mass function for DGP braneworld
cosmology. In the left panel, the parameters are fixed at Ωm0 = 0.3, σ8 = 0.8 and Ωk0 = −0.01 (solid
curve), Ωk0 = 0.01 (dashed curve). In the middle panel, the parameters are fixed at Ωk0 = 0.0, σ8 = 0.8
and Ωm0 = 0.30 (solid curve), Ωm0 = 0.25 (dashed curve). In the right panel, the parameters are fixed
at Ωm0 = 0.3, Ωk0 = 0.0 and σ8 = 0.8 (solid curve), σ8 = 0.7 (dashed curve), σ8 = 0.9 (dotted curve).
5 Conclusion
The present study deals with the cosmological implication of a higher dimensional gravity the-
ory, namely the DGP braneworld model. The sherical collapse of matter overdensity has been
investigated in the present context. The DGP braneworld is a 5-dimensional theory of gravity
and at a length scale smaller than then the crossover length (rc), the gravity is restricted on
the 4-dimensional brane. The modification of gravity theory has its signature on the evolution of
matter overdensity. The signature of higher dimensional gravity theory on the evolution dynamics
of matter density contrast comes through the modification of Friedmann equation governing the
background as well as through the modification gravitational constant in the higher dimensional
theory. The linear and nonlinear evolutions (equation (6) and (7)) of matter density contrast are
studied numerically in the present work. It is totally based on the assumption of an isotropic
collapse of the overdense region due to gravitational attraction. The curves of linear and nonlinear
evolution of matter density contrast δ are shown in figure 2. The effect of variation of cosmolog-
ical parameters on the δ(a) curve are emphasized. The linear evolution is very less effected by
the changes in the parameter values. The nonlinear evolution is non degenerate with the change
of parameter values. Increase in the value of background matter density increases the clustering
of dark matter. On the other hand, positive spatial curvature (Ωk < 0) slightly increases the
dark matter clustering compared to the negative spatial curvature (Ωk > 0). Higher value of rms
fluctuation of matter density produces higher number of dark matter halos.
The critical density contrast in case of DGP remains slightly higher than the ΛCDM when
the parameter values are kept same in both the cases. The initial conditions are fixed at the scale
factor ai = 0.001, at the era after decoupling of CMB photon from baryonic matter. The number
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Figure 6: Cluster number count N (z) plots for DGP cosmology (solid curves) and for ΛCDM (dotted
curve) with parameter values Ωm0 = 0.3, Ωk0 = 0.0 and σ8 = 0.8. The left panel is obtained for the
Press-Schechter mass function and right panel is obtained for Sheth-Tormen mass function.
count of dark matter halos or galaxy clusters varies with the gravity theory. One prime endeavour
of the present analysis was to check galaxy cluster number count in case of DGP cosmology. In
figure 4, the cluster count plots are shown for the Press-Schechter mass function formula. The
effect of variation of the parameters are also investigated. It is observed that the positive spatial
curvature has a slightly lower cluster number at high redshift compared to that in case of negative
spatial curvature. Lower matter density decreases the cluster number. The variation of cluster
number with the change in the rms fluctuation of matter density is also studied. The curves
are highly effected by the change in the value of σ8. In figure 5, cluster number count for the
Sheth-Tormen mass function is shown. The effects to variation of parameters in this case are
same as in the case of Press-Schechter mass function.
Further the cluster count distribution in the present scenario is compared to that of ΛCDM
in figure 6. The DGP brameworld model produces much higher cluster number at high redshift
if the parameters are fixed at same values for DGP and ΛCDM. The redshift at which the cluster
number is maximum is also different in this two cases. A slightly lower value of the rms of
matter density fluctuation subsequently decreases the number of galaxy cluster and also drag
the redshift of maximum cluster number to a lower value. Thus in DGP cosmology, the cluster
number count consistent with cosmological standard model can be achieved with a lower rms of
matter fluctuation. Upcoming cosmological observations, like the South Pole Telescope (SPT),
eROSITA, would be a effective to check the viability of various dark energy models including the
geometric dark energy scenarios through the precise observations of galaxy clusters number along
the redshift.
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